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Abstract
The aim of this paper is to expose some geometrical properties of the
locally Minkowski-Cartan space with the Berwald-Moo´r metric of mo-
menta L(p) = n
√
p1p2...pn. This space is regarded as a particular case
of the m-th root Cartan space. Thus, Section 2 studies the v−covariant
derivation components of them-th root Cartan space. Section 3 computes
the v−curvature d-tensor Shijk of the m-th root Cartan space and stud-
ies conditions for S3−likeness. Section 4 computes the T−tensor T hijk
of the m-th root Cartan space. Section 5 particularizes the preceding
geometrical results for the Berwald-Moo´r metric of momenta.
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1 Introduction
Owing to the studies of E. Cartan, R. Miron [6], [7], Gh. Atanasiu [2] and
many others, the geometry of Cartan spaces is today an important chapter of
differential geometry, regarded as a particular case of the Hamilton geometry.
By the Legendre duality of the Cartan spaces with the Finsler spaces studied by
R. Miron, D. Hrimiuc, H. Shimada and S. V. Saba˘u [8], it was shown that the
theory of Cartan spaces has the same symmetry like the Finsler geometry, giving
in this way a geometrical framework for the Hamiltonian theory of Mechanics
or Physical fields. In a such geometrical context we recall that a Cartan space
is a pair Cn = (Mn,K(x, p)) such that the following axioms hold good:
1. K is a real positive function on the cotangent bundle T ∗M , differentiable
on T ∗M\{0} and continuous on the null section of the canonical projection
pi∗ : T ∗M →M ;
2. K is positively 1-homogenous with respect to the momenta pi;
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3. The Hessian of K2, with the elements
gij(x, p) =
1
2
∂2K2
∂pi∂pj
,
is positive-defined on T ∗M\{0}.
On the other hand, in the last two decades, physical studies due to G. S.
Asanov [1], D. G. Pavlov [9], [10] and their co-workers emphasize the important
role played by the Berwald-Moo´r metric L : TM → R,
L(y) =
(
y1y2...yn
) 1
n ,
in the theory of space-time structure and gravitation as well as in unified gauge
field theories.
For such geometrical-physics reasons, following the geometrical ideas ex-
posed by M. Matsumoto and H. Shimada in [4], [5] and [11] or by ourselves in
[3], in this paper we investigate some geometrical properties of the m-th root
Cartan space which is a natural generalization of the locally Minkowski-Cartan
space with the Berwald-Moo´r metric of momenta.
2 The m-th root metric and v−derivation com-
ponents
Let Cn = (Mn,K(x, p)), n ≥ 4, be an n-dimensional Cartan space with the
metric
K(x, p) = m
√
ai1i2...im(x)pi1pi2 ...pim , (2.1)
where ai1i2...im(x), depending on the position alone, is symmetric in all the
indices i1, i2, ..., im and m ≥ 3.
Definition 2.1 The Cartan space with the metric (2.1) is called the m-th root
Cartan space.
Let us consider the following notations:
ai =
[
aii2i3...im(x)pi2pi3 ...pim
]
/Km−1,
aij =
[
aiji3i4...im(x)pi3pi4 ...pim
]
/Km−2,
aijk =
[
aijki4i5...im(x)pi4pi5 ...pim
]
/Km−3.
(2.2)
The normalized supporting element
li = ∂˙iK, where ∂˙i =
∂
∂pi
,
the fundamental metrical d-tensor
gij =
1
2
∂˙i∂˙jK2
2
and the angular metrical d-tensor
hij = K∂˙i∂˙jK
are given by
li = ai,
gij = (m− 1)aij − (m− 2)aiaj ,
hij = (m− 1)(aij − aiaj).
(2.3)
Remark 2.2 From the positively 1-homogeneity of the m-th root Cartan met-
rical function (2.1) it follows that we have
K2(x, p) = gij(x, p)pipj = a
ij(x, p)pipj .
Let us suppose now that the d-tensor aij is regular, that is there exists the
inverse matrix (aij)−1 = (aij). Obviously, we have
ai · ai = 1,
where
ai = aisa
s =
pi
K
.
Under these assumptions, we obtain the inverse components gij(x, p) of the
fundamental metrical d-tensor gij(x, p), which are given by
gij =
1
m− 1aij +
m− 2
m− 1aiaj . (2.4)
The relations (2.2) and (2.3) imply that the components of the v−torsion
d-tensor
Cijk = −1
2
∂˙kgij
are given in the form
Cijk = − (m− 1)(m− 2)
2K
(
aijk − aijak − ajkai − akiaj + 2aiajak) . (2.5)
Consequently, using the relations (2.4) and (2.5), together with the formula
asa
sjk = ajk,
we find the components of the v−derivation
Cjki = gisC
sjk
in the following form:
Cjki = −
(m− 2)
2K
[
ajki −
(
δjia
k + δki a
j
)
+ ai(2a
jak − ajk)
]
, (2.6)
where
ajki = aisa
sjk.
From (2.6) we easily find the following geometrical result:
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Proposition 2.3 The torsion covector
Ci = Cirr
is given by the formula
Ci = − (m− 2)
2K
(
airr − nai
)
,
where n = dimM .
3 The v−curvature d-tensor Shijk
Taking into account the relations (2.5) and (2.6), by calculation, we obtain
Theorem 3.1 The v−curvature d-tensor
Shijk = Cijr C
rhk − Cikr Crhj
can be written in the form
Shijk =
(m− 1)(m− 2)2
4K2
A{j,k}{aijr arhk − aij(ahk − ahak) + aiajahk},
where A{j,k} means an alternate sum.
Remark 3.2 Using the relations (2.3), we underline that the v−curvature d-
tensor Shijk can be written as
K2Shijk =
(m− 2)2
4
[(
hhjhik − hhkhij) /(m− 1) + (m− 1)Uhijk] , (3.1)
where
Uhijk = aijr a
rhk − aikr arhj. (3.2)
In the sequel, let us recall the following important geometrical concept [4]:
Definition 3.3 A Cartan space Cn = (Mn,K(x, p)), n ≥ 4, is called S3-like
if there exists a positively 0-homogenous scalar function S = S(x, p) such that
the v−curvature d-tensor Shijk to have the form
K2Shijk = S
{
hhjhik − hhkhij} . (3.3)
Let Cn = (Mn,K(x, p)), n ≥ 4, be the m-th root Cartan space. As an
immediate consequence of the above definition we have the following important
result:
Theorem 3.4 The m-th root Cartan space Cn is an S3-like Cartan space if
and only if the d-tensor Uhijk is of the form
Uhijk = λ
{
hhjhik − hhkhij} , (3.4)
where λ = λ(x, p) is a positively 0-homogenous scalar function.
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Proof. Taking into account the formula (3.1) and the condition (3.4), we find
the scalar function (see (3.3))
S =
(m− 2)2
4
[
(m− 1)λ+ 1
m− 1
]
. (3.5)
4 The T−tensor T hijk
Let N = (Nij) be the canonical nonlinear connection of the m-th root
Cartan space with the metric (2.1), whose local coefficients are given by [8]
Nij = γ
0
ij −
1
2
γ0h0∂˙
hgij ,
where
∂k =
∂
∂xk
,
γijk =
gir
2
(∂kgrj + ∂jgrk − ∂rgjk),
γ0ij = −γsijps,
γ0h0 = γ
l
hrg
rsplps.
Let
CΓ(N) = (Hijk, C
jk
i )
be the Cartan canonical connection of the m-th root Cartan space with the
metric (2.1). The local components of the Cartan canonical connection CΓ(N)
have the expressions [8]
Hijk =
gir
2
(δkgrj + δjgrk − δrgjk),
Cjki = gisC
sjk = −gis
2
∂˙kgjs,
where
δj = ∂j +Njs∂˙
s.
In the sequel, let us compute the T−tensor T hijk of the m-th root Cartan
space, which is defined as [11]
T hijk
def
= KChij |k + lhCijk + liCjkh + ljCkhi + lkChij ,
where ” |k ” denotes the local v−covariant derivation with respect to CΓ(N),
that is we have
Chij |k = ∂˙kChij + CrijChkr + ChrjCikr + ChirCjkr .
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Using the definition of the local v−covariant derivation [8], together with
the relations (2.6) and (2.3), by direct computations, we find the relations:
K|k = ak = lk,
ai|k = (m− 1)
K
(aik − aiak) = h
ik
K
,
aij |k = (m− 2)
K
(aikaj + ajkai − 2aiajak) = (m− 2)
(m− 1)K (h
iklj + hjkli).
(4.1)
Suppose that we have m ≥ 4. Then, the notation
ahijk =
[
ahijki5i6...im(x)pi5pi6 ...pim
]
/Km−4
is very useful. In this context, we can give the next geometrical results:
Lemma 4.1 The v−covariant derivation of the tensor ahij is given by the fol-
lowing formula:
ahij |k = (m− 3)
K
ahijk +
m
2K
ahijak − (m− 2)
2K
· {ahkr arij+ (4.2)
+aikr a
rhj + ajkr a
rhi − akijah − ahkjai − ahikaj −
−aijahk − ahjaik − ahiajk + 2 (aijahak+
+ahjaiak + ahiajak
)}
.
Proof. Note that, by a direct computation, we obtain the relation
∂ahij
∂pk
=
(m− 3)
K
(
ahijk − ahijak) . (4.3)
Finally, using the definition of the local v−covariant derivation, together
with the formulas (4.3) and (2.6), we find the equality (4.2).
Theorem 4.2 The T−tensor T hijk of the m-th root Cartan space is given by
the expression
T hijk = − (m− 1)(m− 2)(m− 3)
2K
ahijk +
(m− 1)(m− 2)2
4K
· (4.4)
· (ahkr arij + aikr arhj + ajkr arhi)− m(m− 1)(m− 2)4K ·
· (ahijak + ahjkai + aijkah + ahikaj − aijahk − ahjaik − aihajk) .
Proof. It is obvious that we have the equality
T hijk = (KChij)|k + lhCijk + liCjkh + ljCkhi =
= (KChij)|k + ahCijk + aiCjkh + ajCkhi.
Consequently, differentiating v−covariantly the relation (2.5) multiplied by
K and using the formulas (4.1), together with the Lemma 4.1, by laborious
computations, it follows the required result.
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5 The particular case of Berwald-Moo´r metric
of momenta
Let us consider now the particular case when m = n ≥ 4 and
ai1i2...in(x) =
{
1/n!, i1 6= i2 6= ... 6= in
0, otherwise.
In this special case, the m-th root metric (2.1) becomes the Berwald-Moo´r
metric of momenta [8]
K(p) = n
√
p1p2...pn. (5.1)
By direct computations, we deduce that the n-dimensional locally Minkowski-
Cartan space Cn = (Mn,K(p)) endowed with the Berwald-Moo´r metric of mo-
menta (5.1) is characterized by the following geometrical entities and relations
denoted by (E-R):
ai =
K
n
· 1
pi
, ai =
pi
K
, ai · ai = 1
n
(no sum by i),
aij =


n
n− 1 · a
iaj , i 6= j
0, i = j
,
aij =
{
n · aiaj , i 6= j
−n(n− 2) · (ai)2, i = j,
aijk =


n2
(n− 1)(n− 2) · a
iajak, i 6= j 6= k
0, otherwise
and
ahijk =


n3
(n− 1)(n− 2)(n− 3) · a
haiajak, h 6= i 6= j 6= k
0, otherwise.
Moreover, the equalities (E-R) imply that the components ajki are given by the
formulas:
ajki = −
n2
(n− 1)(n− 2) · aia
jak, i 6= j 6= k
aiki = a
ki
i =
n
n− 1 · a
k, i 6= k (no sum by i)
akki = 0, ∀ i = 1, n, (no sum by k).
(5.2)
In this context, we obtain the following important geometrical result:
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Theorem 5.1 The locally Minkowski-Cartan space Cn = (Mn,K(p)), n ≥ 4,
endowed with the Berwald-Moo´r metric of momenta (5.1) is characterized by
the following geometrical properties:
1. The torsion covector Ci vanish;
2. S3-likeness with the scalar function S = −1;
3. The T−tensor T hijk vanish.
Proof. 1. It is easy to see that we have∑
r
airr =
∑
r,s
arsa
sir = n
∑
r,s
arasa
sir = n
∑
r
ara
ir = nai.
2. It is obvious that we have
hij =
{
aiaj , i 6= j
−(n− 1) · (ai)2, i = j.
Consequently, by computations, we obtain
Uhijk = − n
2
(n− 1)2(n− 2)2
{
hhjhik − hhkhij} ,
where Uhijk is given by the relation (3.2). It follows what we were looking for
(see the equalities (3.4) and (3.5)).
3. Using the relation (4.4) and the formulas (E-R) and (5.2), by laborious
computations, we deduce that T hijk = 0.
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